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Abstract— This paper deals with distributed fusion with local
quasi-tracklets and provides the optimal linear minimum mean-
squared error (LMMSE) fusion, namely optimal quasi-tracklet
fusion. We analyze its performance, present a necessary and
sufficient condition under which the fusion is identical with the
centralized fusion, and exploit its relationships with some existing
distributed fusion methods. Numerical results are provided to
illustrate its performance compared with the centralized and
existing distributed fusion algorithms.
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I. INTRODUCTION

Distributed fusion problems have been the focus of great

interest in recent years in multi-sensor environments. This

is because centralized fusion (CF), although can provide the

globally optimal performance, has heavy computation and data

transmission. This naturally leads to distributed fusion and

there are numerous results available.

For distributed fusion, there are two commonly used config-

urations. One is that a global track is maintained at the fusion

center and updated when the locally processed data (rather

than raw measurements) from local sensors are available, that

is, the updated global track is fusion of local data and the

historic global track. Normally, fusion in this configuration is

done under the LMMSE criterion. The other is that the global

track is constructed by a linear combination of local data, and

this is generally done under the optimal weighted least squares

(OWLS) criterion [1]. Actually, there are some work (see, e.g.,

[2], [3]) in which the centralized fusion is reconstructed from

the local data under some assumptions; however, this is not

the focus of this paper.

One characteristic of distributed fusion is whether the lo-

cally processed data are state estimates. When the processed

data from local sensors are state estimates, the distributed fu-

sion is referred to as the standard distributed fusion; otherwise,

it is referred to as the non-standard distributed fusion. For
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standard distributed fusion, [4], [5] provided the method for

computing the error cross-correlations of the local estimates,

[6] derived the maximum likelihood (ML) fusion (which is

the same as OWLS fusion under the linear Gaussian case)

formula, and [7] evaluated the performance of the distributed

maximum a posteriori (MAP) fusion (which is the same as

LMMSE fusion under the linear Gaussian assumption) with

or without feedback. For non-standard distributed fusion, [8],

[9] studied the distributed fusion with compressed data, and

[10], [11] addressed the problem of fusion with transformed

measurements.

The scheme of tracklet fusion was proposed in [12], where

a tracklet was computed so that its state estimation errors were

not cross-correlated with those of other data in the system. For

the system without process noise and under the linear Gaussian

assumption, tracklet is equivalent to a state estimate based on

only the most recent measurements since the pervious tracklet

was sent to the fusion center. That is, the tracklet is formed

by estimation just based on the measurements in the tracklet

interval (the time between two consecutive tracklets sent to

the fusion center [12]). As such, local sensors never transmit

the information in one measurement more than once to the

fusion center, the cross-correlations caused by measurement-

errors are avoided and the tracklet fusion achieves the global

optimality.

For the system with process noise, the “tracklets”, computed

similarly to the system without process noise, can not strictly

satisfy the original intention of the tracklet concept, since

their estimation errors are still cross-correlated and correlated

with the error of the global track due to the common process

noise. Therefore, using the tracklet method directly to the

system with process noise will yield a quasi-tracklet or simply

q-tracklet [12]. And the fusion, which is an approximated

method in this case, is referred to as quasi-tracklet fusion or

simply q-tracklet fusion.

Q-tracklet fusion is one of the standard distributed fusion

methods. For the configuration of restarted global tracks, the

cross-covariance of the q-tracklets’ estimation errors can be

computed by the algorithms of [4], [6], [5] and this will yield

the OWLS fusion given local q-tracklets. In this paper, we



will study the q-tracklet fusion with updated global tracks.

The optimal distributed fusion algorithm is derived under the

LMMSE criterion and its performance, compared with CF, is

also analyzed.

Q-Tracklet fusion can be easily applied to the distributed

system in which local sensors are not synchronous (see [12]).

In this paper, local sensors are assumed synchronous and the

tracklet interval is supposed to have a fixed length N . The

optimal LMMSE fusion with local q-tracklets (namely, optimal

q-tracklets fusion, OQTF) is actually a problem of distributed

fusion with reduced-rate communication case. There are also

some existing (not necessarily optimal) methods, such as

the information matrix fusion (IMF) [2] (see also [13]), the

MAP fusion [14] (see also [7]) and the distributed fusion

with transformed data [11] (when used with reduced-rate

communication), to deal with this problem. We will study

the relationships between the OQTF and these existing fusion

methods.

The paper is organized as follows. Section II formulates

the optimal distributed q-tracklet fusion problem for dynamic

systems. Section III gives the distributed LMMSE fusion with

local q-tracklets. In section IV, the performance analysis of

OQTF is presented. Section V discusses the relationships

between OQTF and some existing methods. Numerical results

are provided in Section VI. Section VII concludes the paper.

Mathematical details are included in the Appendix.

II. PROBLEM FORMULATION

The two-sensor (sensor i and j) distributed linear dynamic

system assumed are given by

xk+1 = Fkxk +Gkwk, k = 0, 1, . . . , (1)

zlk = H l
kxk + vlk, l = i, j (2)

where xk ∈ ℜnx , E[x0] = x̄0, and cov(x0) = P0. w and

vl are both zero-mean white noises. It is also assumed that

measurement noises are uncorrelated across sensors, that is,

cov(vik, v
j
k) = 0 and w, vl and x0 are uncorrelated with each

other. The covariances of the noises wk and vlk are given by

cov(wk) = Qk, cov(vlk) = Rl
k

where Rl
k are invertible for all l and k.

Given the tracklet interval N , we have the pseudo-

measurement equation

Z l
k+1:k+N = H̃ l

k+Nxk+N + Ṽ l
k+N , l = i, j

where

Z l
k+1:k+N =

[

(zlk+N )′, (zlk+N−1)
′, · · · , (zlk+1)

′
]′

H̃ l
k+N =











H l
k+N

H l
k+N−1

(Fk+N−1)
−1

...

H l
k+1

∏N−1

j=1
(Fk+j)

−1











Ṽ l
k+N is the corresponding pseudo-measurement error and

R̃l
k+N = cov(Ṽ l

k+N ), R̃
i,j
k+N = cov(Ṽ i

k+N , Ṽ
j
k+N )

Therefore, the local q-tracklet pertinent to sensor l at time

k +N is

x̂l
k+N = P l

k+N (H̃ l
k+N )′(R̃l

k+N )−1Z l
k+1:k+N (3)

P l
k+N = [(H̃ l

k+N )′(R̃l
k+N )−1H̃ l

k+N ]−1 (4)

Note that here H̃ l
k+N for all l should be of full column rank.

Otherwise, the q-tracklet x̂l
k+N will not exist. It is obvious that

x̂l
k+N is obtained by least square (LS) method based on the

measurements in the tracklet interval. When Q = 0, estimation

errors of x̂i
k+N and x̂

j
k+N are uncorrelated with each other and

with the error of the global track and thus x̂l
k+N is called a

tracklet; when Q 6= 0, the estimation errors are correlated and

x̂l
k+N is called a q-tracklet.

Optimal fusion with q-tracklets should consider these error

cross-correlations. For the configuration with updated global

tracks, the problem is to optimally estimate xk+N based on

the local q-tracklets x̂l
k+N , l = i, j, and the previous global

track x̂d
k, i.e.,

x̂d
k+N = E+[xk+N |x̂i

k+N , x̂
j
k+N , x̂d

k] (5)

P d
k+N = MSE(x̂d

k+N ) (6)

where E+[·] denotes the best linear unbiased estimation

(BLUE) without knowing the prior [1], [15]. Unlike the

normal standard distributed estimation fusion, where x̂l
k+N is

an estimate based on all historic measurements of sensor l,

here x̂l
k+N is just based on the measurements in the tracklet

interval.

Extrapolate (x̂d
k, P

d
k ) to time k+N to get (x̂d

k+N |k, P
d
k+N |k)

x̂d
k+N |k =

∏N−1

n=0
Fk+nx̂

d
k

P d
k+N |k = Fk+N−1P

d
k+N−1|kF

′
k+N−1

+Gk+N−1Qk+N−1G
′
k+n−1

where P d
k|k = P d

k . We can express x̂d
k+N |k as follows

x̂d
k+N |k = Inx

xk+N + uk+N

where Inx
is the nx-dimensional identity matrix, uk+N

denotes a pseudo-measurement noise, E[uk+N ] = 0 and

cov(uk+N) = P d
k+N |k. Note that the estimate x̂d

k+N always

exists, because x̂i
k+N , x̂

j
k+N and x̂d

k+N |k are unbiased esti-

mates of xk+N themselves. Since Inx
is invertible, by the

Theorem 4.2 of [15], we can convert Eq. (5) into an LMMSE

estimation without any information loss, i.e.,

x̂d
k+N = E∗[xk+N |x̂i

k+N , x̂
j
k+N ] (7)

where E∗[·] denotes the LMMSE estimator with prior and the

prior information of xk+N is (x̂d
k+N |k, P

d
k+N |k).

III. OPTIMAL LMMSE FUSION WITH Q-TRACKLETS

View the local q-tracklet x̂l
k+N as an observation of the

estimand (i.e., what is to be estimated) xk+N by the following

identity [1]:

x̂l
k+N = xk+N + (x̂l

k+N − xk+N )



The fusion problem (7) can be solved as follows [1], [16],

Kd
k+N = (P d

k+N |k Ĩ
′ + Cd

k+N )(Sd
k+N )−1 (8)

Sd
k+N = ĨP d

k+N |k Ĩ
′ + Rd

k+N

+ ĨCd
k+N + (Cd

k+N )′Ĩ ′ (9)

x̂d
k+N = x̂d

k+N |k +Kd
k+N (Yk+N − Ĩ x̂d

k+N |k) (10)

P d
k+N = P d

k+N |k −Kd
k+NSd

k+N (Kd
k+N )′ (11)

where

Yk+N = [(x̂i
k+N )′, (x̂j

k+N )′]′

Ĩ =
[

Inx
Inx

]′

Cd
k+N =

[

C∗i
k+N C

∗j
k+N

]

Rd
k+N =

[

P i
k+N P

i,j
k+N

P
j,i
k+N P

j
k+N

]

The cross-covariance of the local q-tracklets estimation

errors P
i,j
k+N can be computed by the method of [4], i.e.,

P
i,j
m+1

= (Inx
−Ki

mHi
m)

· (FmP i,j
m F ′

m +GmQmG′
m)(Inx

−Kj
mHj

m)′ (12)

where K l
m is the filter gain pertinent to sensor l at time m.

Here m = k + 1, . . . , k + N − 1, P i,j
k+1

= 0nx
and P

j,i
m+1

follows from Eq. (12) with i and j interchanged.

The error-covariance between the global track and local q-

tracklet C∗i
k+N can be computed as follows (see the Appendix)

C∗i
m+1 = (FmC∗i

mF ′
m −GmQmG′

m)

· (Inx
−Ki

m+1H
i
m+1)

′ (13)

where m = k + 1, . . . , k + N − 1, C∗i
k+1

= 0nx
and C

∗j
m+1

follows from Eq. (13) by replacing i by j.

Remark: The local q-tracklets are obtained by filtering with

no initial prior (see Eq. (3)), and thus the information filter is

more suitable here than the Kalman filter [17]. Therefore, it is

better to compute P
i,j
m+1 and C∗i

m+1 based on the quantities

of information filter rather than the Kalman filter. So, the

following recursion is preferred to Eq. (12) (see the Appendix):

P
i,j
k+N = P i

k+ND
ij
k+NP

j
k+N (14)

D
ij
k+N is the corresponding error-covariance of the information

state which can be recursively computed as follows

D
ij
m+1 = U i

m(Dij
m

+ IimF−1
m GmQmG′

m(F−1
m )′Ijm)(U j

m)′ (15)

U l
m = (Inx

− Al
mT l

m)(F−1
m )′, l = i, j

m = k + 1, . . . , k +N − 1

where (see [17])

Al
m = (F−1

m )′I lmF−1
m

T l
m = Gm(Q−1

m +G′
mAmGm)−1G′

m

and I lm is the information matrix at time m.

The following recursion is preferred to Eq. (13) (see the

Appendix):

C∗l
k+N = D∗l

k+NP l
k+N (16)

and D∗l
k+N can be obtained recursively by

D∗l
m+1 = (FmD∗l

m −GmQmG′
m(F−1

m )′I lm)(U l
m)′ (17)

The above recursions are started with D
ij
k+1

= 0nx
, D∗l

k+1
=

0nx
and I lk+1

= (H l
k+1

)′(Rl
k+1

)−1H l
k+1

.

IV. PERFORMANCE ANALYSIS

Clearly, the above fusion, although optimal in the LMMSE

sense, is based on the q-tracklets rather than raw measurements

and thus, as is well known, can not outperform CF. The next

problem is under what condition the optimal LMMSE fusion

with q-tracklets will have the same performance as CF. In

this section, particularly in Theorem 1, we will deal with this

problem.

Let

Zc
k+N = [(Zi

k+1:k+N )′, (Zj
k+1:k+N )′]′

Hc
k+N = [(H̃i

k+N )′, (H̃j
k+N )′]′

V c
k+N = [(Ṽ i

k+N )′, (Ṽ j
k+N )′]′

Assume that the CF result at time k is (x̂c
k, P

c
k ) and this result

propagates to time k + N to be viewed as the prediction of

xk+N . Then the optimal LMMSE CF can be computed as

follows [1], [16],

x̂c
k+N |k =

∏N−1

n=0
Fk+nx̂

c
k (18)

P c
k+N |k = Fk+N−1P

c
k+N−1|kF

′
k+N−1

+Gk+N−1Qk+N−1G
′
k+N−1 (19)

Kc
k+N = (P c

k+N |k(H
c
k+N )′ + Cc

k+N )(Sc
k+N )−1 (20)

Sc
k+N = Hc

k+NP c
k+N |k(H

c
k+N )′ +Rc

k+N

+Hc
k+NCc

k+N + (Hc
k+NCc

k+N )′ (21)

x̂c
k+N = x̂c

k+N |k +Kc
k+N (Zc

k+N −Hc
k+N x̂c

k+N |k) (22)

P c
k+N = P c

k+N |k −Kc
k+NSc

k+N (Kc
k+N )′ (23)

where

Cc
k+N =

[

C∗i
xk+NV C

∗j
xk+NV

]

Rc
k+N =

[

R̃i
k+N R̃

i,j
k+N

R̃
j,i
k+N R̃

j
k+N

]

P c
k|k = P c

k and

C∗l
xk+NV = E[(xk+N − x̂c

k+N |k)(Ṽ
l
k+N )′]

Let

D = Hc
k+NP c

k+N |k + (Cc
k+N )′ (24)

U = diag[(H̃i
k+N )′(R̃i

k+N )−1, (H̃j
k+N )′(R̃j

k+N )−1] (25)

W = diag(P i
k+N , P

j
k+N ) (26)

For the assumed system, we have the following theorem to

show the performance of OQTF.



Theorem 1: Given that P d
k = P c

k , then the OQTF is

identical with CF at time k + N (i.e., P d
k+N = P c

k+N ), if

and only if

U ′(U ′)+(Sc
k+N )−1D = (Sc

k+N )−1D (27)

where A+ stands for the Moore-Penrose pseudo-inverse (MP

inverse in short) of A.

Proof: From Eqs. (3), (11), (23), (25) and (26), we have

Kd
k+NSd

k+N (Kd
k+N )′

= (P d
k+N |k Ĩ

′ + Cd
k+N )(Sd

k+N )−1(P d
k+N |k Ĩ

′ + Cd
k+N )′

= D′U ′W (WUSc
k+NU ′W )−1WUD (28)

= D′U ′(USc
k+NU ′)−1UD (29)

where

P d
k+N |k = P c

k+N |k

due to

P d
k = P c

k

It is well known that

P c
k+N ≤ P d

k+N

Then it follows from Eqs. (11) and (23) that

Kd
k+NSd

k+N (Kd
k+N )′ ≤ Kc

k+NSc
k+N (Kc

k+N )′

Thus, we have

D′U ′(USc
k+NU ′)−1UD ≤ D′(Sc

k+N )−1D

Therefore, for any d ∈ Range(D), the following inequality

holds

d′U ′(USc
k+NU ′)−1Ud ≤ d′(Sc

k+N )−1d

Define a new inner product of d ∈ Range(D) [10] and

〈d, d〉 = d′(Sc
k+N )−1d

It follows that

〈d, d〉 = d′(Sc
k+N )−1d

≥ d′U ′(USc
k+NU ′)−1Ud

=
〈

d, Sc
k+NU ′(USc

k+NU ′)−1Ud
〉

Because Sc
k+NU ′(USc

k+NU ′)+U is a projection, the equality

holds if and only if

Range(D) ⊂ Range(Sc
k+NU ′(USc

k+NU ′)−1U)

Given that Range(D) ⊂ Range(Sc
k+NU ′(USc

k+NU ′)−1U),
there must exist an X such that

Sc
k+NU ′(USc

k+NU ′)−1UX = D (30)

which is equivalent to

U ′X̄ = (Sc
k+N )−1D (31)

Thus, a necessary and sufficient condition [18] for the above

equation to have a solution is

U ′(U ′)+(Sc
k+N )−1D = (Sc

k+N )−1D

This completes the proof.

Remark 1: Clearly, it is the common process noise that

makes the errors of local q-tracklets cross-correlated and

correlated with the error of the global track. When the process

noise is absent, the above distributed fusion reduces to the

tracklet fusion (with the updated global track) and thus is

globally optimal [12]. This can also be proved from Eq. (27)

as follows:

U ′(U ′)+(Sc
k+N )−1D

= U ′(U ′)+[Hc
k+NP c

k+N |k(H
c
k+N )′ +Rc

k+N ]−1

·Hc
k+NP c

k+N |k

= U ′(U ′)+[(Rc
k+N )−1 − (Rc

k+N )−1Hc
k+NP c

k+N |k

· (Hc
k+N )′(Rc

k+N )−1]Hc
k+NP c

k+N |k

= U ′(U ′)+[U ′ĨP c
k+N |k − U ′ĨP c

k+N |k Ĩ
′UHc

k+NP c
k+N |k]

= U ′ĨP c
k+N |k − U ′ĨP c

k+N |k Ĩ
′UHc

k+NP c
k+N |k

= (Rc
k+N )−1Hc

k+NP c
k+N |k − (Rc

k+N )−1Hc
k+NP c

k+N |k

· (Hc
k+N )′(Rc

k+N )−1Hc
k+NP c

k+N |k

= [(Rc
k+N )−1 − (Rc

k+N )−1Hc
k+NP c

k+N |k

· (Hc
k+N )′(Rc

k+N )−1]Hc
k+NP c

k+N |k

= (Sc
k+N )−1D

where

(Rc
k+N )−1Hc

k+N = U ′Ĩ

due to the uncorrelatedness of Ṽ i
k+N and Ṽ

j
k+N .

Remark 2: Another apparent condition for the above dis-

tributed fusion to achieve the globally optimal performance is

that H̃ l
k+N for all l are of full row rank. Since H̃ l

k+N also

should be of full column rank, then H̃ l
k+N is invertible. In

this case,

U ′(U ′)+ = U ′(U ′)−1 = I

and Eq. (27) is satisfied.

V. RELATIONSHIPS AND COMPARISONS

In OQTF, local sensors need to transmit their q-tracklets to

the fusion center every N time instants. Thus OQTF is actually

a distributed fusion scheme with reduced-rate communication.

There are also some existing methods which can also address

this problem. We discuss their performance and relationships

with OQTF in this section.

A. Optimal Distributed Fusion with Transformed Data

An optimal distributed fusion rule with transformed data

(FWTD) was proposed in [11], where local sensors transmit

the transformed data (H l
k)

′(Rl
k)

−1zlk for all l to the fusion

center every sampling time and the fusion center does fusion

under the LMMSE criterion. When this scheme is used in the

reduced-rate communication case, where local sensors transmit

(H̃ l
k+N )′(R̃l

k+N )−1Z l
k+1:k+N to the fusion center and the

optimal fusion is also done in the LMMSE sense, it will have

the same performance as OQTF, as shown next.



FWTD has the mean-squared error (MSE) matrix [11]

P t
k+N = P t

k+N |k − (P t
k+N |k(H

c
k+N )′ + Cc

k+N )

U ′(USc
k+NU ′)−1U(Hc

k+NP t
k+N |k + (Cc

k+N )′)

where the superscript t denotes the quantities obtained by the

method of FWTD. Therefore, by Eqs. (28)-(29), we can see

that if P t
k+N |k = P d

k+N |k then

P t
k+N = P d

k+N

Thus, FWTD and OQTF are identical (with probability 1).

B. Information Matrix Fusion

When IMF is used with reduced-rate communication, it has
[13]

(Pm

k+N)−1
x̂
m

k+N = (Pm

k+N|k)
−1

x̂
m

k+N|k

+
∑

l

[(P l

k+N|k+N)−1
x̂
l

k+N|k+N − (P l

k+N|k)
−1

x̂
l

k+N|k]

(Pm

k+N)−1 = (Pm

k+N|k)
−1

+
∑

l

[(P l

k+N|k+N)−1
− (P l

k+N|k)
−1]

where the superscript m denotes quantities obtained by IMF.

Obviously, when the process noise is absent (Q = 0), we

have

(P l
k+N |k+N )−1x̂l

k+N |k+N − (P l
k+N |k)

−1x̂l
k+N |k

= (H̃ l
k+N )′(R̃l

k+N )−1Z l
k+1:k+N

which means that IMF is identical with the FWTD in this

case. Thus, when there is no process noise, the IMF, FWTD

and OQTF fusion are identical, and they all have the globally

optimal performance. In the other extreme that Q is very

large, the state estimate x̂k is primarily based on the current

measurements zlk, since the system model is unreliable and

historic measurements have little contribution to the (current)

estimation. Thus, for CF and IMF, we have

x̂c
k ≈ E+[xk|z

i
k, z

j
k]

≈ (
∑

l

(P l
k+N |k+N )−1)

∑

l

(P l
k+N |k+N )−1x̂l

k+N |k+N

≈ x̂m
k+N

because (Pm
k+N |k)

−1 and (P l
k+N |k)

−1 approach zero matrices.

It means that when Q is very large, IMF and CF will have the

comparable performance. The same conclusion can be made

for OQTF and CF.

As discussed above, for a very small or large Q, the

performance of OQTF, IMF and CF are similar. But for a

regular (not too small or large) Q, IMF and OQTF have their

pros and cons:

1) IMF is not credible: Pm
k+N is not really close to the

actual MSE matrix of x̂m
k+N . OQTF is credible [19], since it

is an optimal method and a truly optimal estimator is always

credible [17] (termed consistency there).

2) IMF is simple and easy to implement. OQTF is relatively

complex and needs more computation.

C. MAP Fusion with Feedback

MAP fusion is identical with the LMMSE fusion under the

linear Gaussian assumption [7]. For the assumed system (1)-

(2), if we initialize the local Kalman filters with the fusion

result of the previous step and let

C∗l
k+1 = (−FkP

d
kF

′
m −GkQkG

′
k)(Inx

−K l
k+1H

l
k+1)

′ (32)

P
i,j
k+1

= (Inx
−Ki

kH
i
k)

· (FkP
d
kF

′
k +GkQkG

′
k)(Inx

−K
j
kH

j
k)

′ (33)

then it turns out that the algorithms (8)–(11) are the MAP

fusion with feedback (MAPwF).

When N is large, the reinitializtion will have little effect on

the fusion, that is,

x̂l
k+N = E+[xk+N |Z l

k+1:k+N ]

≈ E+[xk+N |x̂d
k, Z

l
k+1:k+N ]

This means that when a large set of measurements is used,

the estimation with or without prior differs slightly. Thus,

when N is large, the MAPwF and OQTF have comparable

performance.

VI. NUMERICAL EXAMPLES

In this section, we provide several illustrative examples to

verify our proposed fusion algorithms. All these examples are

for the following kinematic model [6] of a target tracked by

two sensors:

xk+1 =

[

1 T

0 1

]

xk +

[

T 2

2

T

]

wk (34)

zlk =
[

1 0
]

xk + vlk, l = 1, 2 (35)

where sampling time T = 1, wk is zero mean white Gaussian

process noise with variance q, and the two measurement noises

are Gaussian and mutually independent with zero mean and

variance Rl
k = 20.

The two synchronous measurements have a fixed rate

and the same measurement model, and each generates a 1-

dimensional measurement. 500 Monte Carlo runs are con-

ducted over a total time span of 120 seconds.

The true initial state is generated Gaussian distributed with

mean and covariance:

x̄0 =

[

100
1

]

, P0 =

[

10 0
0 10

]

which are also used to initialize the centralized filter. Informa-

tion filters are employed in local sensors and initialized with

zero information.

For each example, the root mean square errors (RMSE) or

average RMSE over the total time span are used to illustrate

the performance of the fusion algorithms and the noncredibility

index (NCI) [19] is used to measure their credibility.

Fig. 1 shows the average position and velocity RMSE of CF,

OQTF, MAPwF and IMF vs. interval length (N ) for q = 1.

As can be seen, when N > 10, OQTF and MAPwF have

almost the same performance in position estimation; when

10 < N < 16, OQTF outperforms MAPwF slightly in velocity
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Fig. 1. Average position and velocity RMSE vs. interval length (N).

estimation. When N < 7, IMF is more accurate than OQTF.

As N increases, IMF performs worst.

Fig. 2 shows the NCI and inclination indicator (II) values

[19] of OQTF, MAPwF and IMF at time k = 120 vs. the

variance q of process noise. As can be seen, OQTF and

MAPwF are credible, since their NCI values are smaller than

1. IMF is credible when q is small (e.g., q < 10−2). When q

is large, IMF is optimistic since its NCI values are larger than

1 and close to the II values, which are positive.

VII. CONCLUSIONS

Theoretically, the OQTF is similar to the standard dis-

tributed estimation fusion with reduced-rate communication,

except that the local estimates are just based on the measure-

ments in the tracklet interval. In this paper, we have presented

the q-tracklet fusion accounting for cross-correlation, i.e.,

the optimal LMMSE q-tracklet fusion, and also analyzed its

performance. A necessary and sufficient condition under which

the OQTF is identical with CF has been derived. We have

compared the performance of OQTF with CF and existing

methods via numerical simulations.
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APPENDIX

A. Derivation of Eq. (13)

C∗i
m+1 = E[(xm+1 − x̂d

m+1|k)(x̂
i
m+1 − xm+1)

′]

= E[(Fmxm +Gmwm − Fmx̂d
m|k)

· ((Inx
−Ki

m+1H
i
m+1)x̂

i
m+1|m

+Ki
m+1z

i
m+1 − xm+1)

′]

= E[(Fm(xm − x̂d
m|k) +Gmwm)

· ((Inx
−Ki

m+1H
i
m+1)(x̂

i
m+1|m − xm+1))

′]

= E[(Fm(xm − x̂d
m|k) +Gmwm)

· ((Inx
−Ki

m+1H
i
m+1)(Fm(x̂i

m − xm)−Gmwm))′]

= (FmC∗i
mF ′

m −GmQmG′
m)(Inx

−Ki
m+1H

i
m+1)

′

B. Derivation of Eqs. (14) and (15)

Let

D
ij
m+1 = E[((P i

m+1)
−1x̂i

m+1 − (P i
m+1)

−1xm+1)

· ((P j
m+1)

−1x̂
j
m+1 − (P j

m+1)
−1xm+1)

′]



Then

P
i,j
k+N = E[(x̂i

k+N − xk+N )(x̂j
k+N − xk+N )′]

= P i
k+NE[((P i

k+N )−1x̂i
k+N − (P i

k+N )−1xk+N )

· ((P j
k+N )−1x̂

j
k+N − (P j

k+N )−1xk+N )′]P j
k+N

= P i
k+ND

ij
k+NP

j
k+N

Since

(P i
m+1)

−1x̂i
m+1 − (P i

m+1)
−1xm+1

= ŷim+1 − Iim+1xm+1

= ŷim+1|m + (Hi
m+1)

′(Ri
m+1)

−1zim+1 − Iim+1xm+1

= (Inx
−Ai

mT i
m)(F−1

m )′ŷim

+ ((Hi
m+1)

′(Ri
m+1)

−1Hi
m+1 − Im+1)xm+1

+ (Hi
m+1)

′(Ri
m+1)

−1vim+1

= (Inx
−Ai

mT i
m)(F−1

m )′ŷim

− (Inx
−Ai

mT i
m)(F−1

m )′Iim(xm + F−1
m Gmwm)

+ (Hi
m+1)

′(Ri
m+1)

−1vim+1

= (Inx
−Ai

mT i
m)(F−1

m )′ (36)

· (ŷim|m − Iimxm − IimF−1
m Gmwm)

+ (Hi
m+1)

′(Ri
m+1)

−1vim+1

where ŷi
m+1|m is the one-step prediction of ŷim, we have

D
ij
m+1 = (Inx

−Ai
mT i

m)(F−1
m )′

· (Dij
m + IimF−1

m GmQmG′
m(F−1

m )′Ijm)

· F−1
m (Inx

−Aj
mT j

m)′

C. Derivation of Eqs. (16) and (17)

Let

D∗l
k+N = E[(xk+N − x̂d

k+N |k)

· ((P l
k+N )−1x̂l

k+N − (P l
k+N )−1xk+N )′]

Then

C∗l
k+N = E[(xk+N − x̂d

k+N |k)(x̂
l
k+N − xk+N )′]

= E[(xk+N − x̂d
k+N |k)

· ((P l
k+N )−1x̂l

k+N − (P l
k+N )−1xk+N )′]P l

k+N

= D∗l
k+NP l

k+N

Since

xm+1 − x̂d
m+1|k = Fmxm +Gmwm − Fmx̂d

m|k

= Fm(xm − x̂d
m|k) +Gmwm

and following Eq. (36), we have

C∗l
m+1 = [FmC∗l

m −GmQmG′
m(F−1

m )′I lm]

· F−1
m (Inx

−Al
mT l

m)′
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