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Abstract— This paper deals with distributed fusion with local
quasi-tracklets and provides the optimal linear minimum mean-
squared error (LMMSE) fusion, namely optimal quasi-tracklet
fusion. We analyze its performance, present a necessary and
sufficient condition under which the fusion is identical with the
centralized fusion, and exploit its relationships with some existing
distributed fusion methods. Numerical results are provided to
illustrate its performance compared with the centralized and
existing distributed fusion algorithms.
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sion, linear minimum mean-squared error.

I. INTRODUCTION

Distributed fusion problems have been the focus of great
interest in recent years in multi-sensor environments. This
is because centralized fusion (CF), although can provide the
globally optimal performance, has heavy computation and data
transmission. This naturally leads to distributed fusion and
there are numerous results available.

For distributed fusion, there are two commonly used config-
urations. One is that a global track is maintained at the fusion
center and updated when the locally processed data (rather
than raw measurements) from local sensors are available, that
is, the updated global track is fusion of local data and the
historic global track. Normally, fusion in this configuration is
done under the LMMSE criterion. The other is that the global
track is constructed by a linear combination of local data, and
this is generally done under the optimal weighted least squares
(OWLS) criterion [1]. Actually, there are some work (see, e.g.,
[2], [3]) in which the centralized fusion is reconstructed from
the local data under some assumptions; however, this is not
the focus of this paper.

One characteristic of distributed fusion is whether the lo-
cally processed data are state estimates. When the processed
data from local sensors are state estimates, the distributed fu-
sion is referred to as the standard distributed fusion; otherwise,
it is referred to as the non-standard distributed fusion. For
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standard distributed fusion, [4], [S] provided the method for
computing the error cross-correlations of the local estimates,
[6] derived the maximum likelihood (ML) fusion (which is
the same as OWLS fusion under the linear Gaussian case)
formula, and [7] evaluated the performance of the distributed
maximum a posteriori (MAP) fusion (which is the same as
LMMSE fusion under the linear Gaussian assumption) with
or without feedback. For non-standard distributed fusion, [8],
[9] studied the distributed fusion with compressed data, and
[10], [11] addressed the problem of fusion with transformed
measurements.

The scheme of tracklet fusion was proposed in [12], where
a tracklet was computed so that its state estimation errors were
not cross-correlated with those of other data in the system. For
the system without process noise and under the linear Gaussian
assumption, tracklet is equivalent to a state estimate based on
only the most recent measurements since the pervious tracklet
was sent to the fusion center. That is, the tracklet is formed
by estimation just based on the measurements in the tracklet
interval (the time between two consecutive tracklets sent to
the fusion center [12]). As such, local sensors never transmit
the information in one measurement more than once to the
fusion center, the cross-correlations caused by measurement-
errors are avoided and the tracklet fusion achieves the global
optimality.

For the system with process noise, the “tracklets”, computed
similarly to the system without process noise, can not strictly
satisfy the original intention of the tracklet concept, since
their estimation errors are still cross-correlated and correlated
with the error of the global track due to the common process
noise. Therefore, using the tracklet method directly to the
system with process noise will yield a quasi-tracklet or simply
g-tracklet [12]. And the fusion, which is an approximated
method in this case, is referred to as quasi-tracklet fusion or
simply g-tracklet fusion.

Q-tracklet fusion is one of the standard distributed fusion
methods. For the configuration of restarted global tracks, the
cross-covariance of the g-tracklets’ estimation errors can be
computed by the algorithms of [4], [6], [S] and this will yield
the OWLS fusion given local g-tracklets. In this paper, we



will study the g-tracklet fusion with updated global tracks.
The optimal distributed fusion algorithm is derived under the
LMMSE criterion and its performance, compared with CF, is
also analyzed.

Q-Tracklet fusion can be easily applied to the distributed
system in which local sensors are not synchronous (see [12]).
In this paper, local sensors are assumed synchronous and the
tracklet interval is supposed to have a fixed length N. The
optimal LMMSE fusion with local g-tracklets (namely, optimal
g-tracklets fusion, OQTF) is actually a problem of distributed
fusion with reduced-rate communication case. There are also
some existing (not necessarily optimal) methods, such as
the information matrix fusion (IMF) [2] (see also [13]), the
MAP fusion [14] (see also [7]) and the distributed fusion
with transformed data [11] (when used with reduced-rate
communication), to deal with this problem. We will study
the relationships between the OQTF and these existing fusion
methods.

The paper is organized as follows. Section II formulates
the optimal distributed g-tracklet fusion problem for dynamic
systems. Section III gives the distributed LMMSE fusion with
local g-tracklets. In section IV, the performance analysis of
OQTF is presented. Section V discusses the relationships
between OQTF and some existing methods. Numerical results
are provided in Section VI. Section VII concludes the paper.
Mathematical details are included in the Appendix.

II. PROBLEM FORMULATION

The two-sensor (sensor ¢ and j) distributed linear dynamic
system assumed are given by

Tp41 = Fpap + Grwg, £=0,1,..., (D
2k = Hian +vf, 1=1,] &)
where x € R", E[xo] = Zo, and cov(zg) = Py. w and

vl are both zero-mean white noises. It is also assumed that

measurement noises are uncorrelated across sensors, that is,
cov(vi,v1) =0 and w, v' and xo are uncorrelated with each
other. The covariances of the noises wy, and vfc are given by

cov(wy) = Qg, cov(vh) = RL

where ng are invertible for all [ and k.
Given the tracklet interval NN, we have the pseudo-
measurement equation

1 A 1 o
Zis1ken = HpyanTee N + Vg n, 1=14,

where
!
lec+1:k+N = [(lechN)/v (lechNfl)/a T 7(le€+1)/}
l
. Hy N )
. Hy n o (Frpn-1)"
H =
k+N .

l N-1 -1
Hk+1 Hj:l (Fk-hj)
Vkl |~ is the corresponding pseudo-measurement error and

= =l i, i ¥
Ry n = cov(Viy n)s R;iN = cov(Vii s V,5+N)

Therefore, the local g-tracklet pertinent to sensor [ at time
k+ N is

jf’c-}-N = Pli+N(HIIHN)/(RE’%N)*IZII@H:I@-FN (3)
Py =[(Hiyn) Ry n) " Hip )™ 4)

Note that here H ,lc 4 for all [ should be of full column rank.
Otherwise, the g-tracklet &, y will not exist. It is obvious that
a4 is obtained by least square (LS) method based on the
measurements in the tracklet interval. When @) = 0, estimation
errors of &, r and & are uncorrelated with each other and
with the error of the global track and thus &}, \ is called a
tracklet; when Q # 0, the estimation errors are correlated and
&t 4 is called a g-tracklet.

Optimal fusion with g-tracklets should consider these error
cross-correlations. For the configuration with updated global
tracks, the problem is to optimally estimate x4 based on
the local g-tracklets iéc +n> L = 1,7, and the previous global
track 2¢, i.e.,

)
(6)

where ET[] denotes the best linear unbiased estimation
(BLUE) without knowing the prior [1], [15]. Unlike the
normal standard distributed estimation fusion, where i:fc N is
an estimate based on all historic measurements of sensor [,
here &} is just based on the measurements in the tracklet
interval.

Extrapolate (2¢, P¢) to time k+ N to get (:%erN‘k, P,erN'k)

~d ot ~i ~Jj ~d

Ty =FE [Ik+N|x§c+N’ xk.uvvxk]
d ~d

Piy v = MSE(Z}, )

d N—-1 d
Tp Nk = ano Flopny,
d _ d !
PNk = Fran 1Py e b v
!
+ GryN-1Qr+N-1Grin 1
d _ pd ~d
where Pk|k = P¢. We can express Tiy N a8 follows

~d

LetNik = I, Tkt N + Ukt N

where [,,, is the ng-dimensional identity matrix, Ug4+n
denotes a pseudo-measurement noise, E[ugy+y] = 0 and
cov(ug+n) = P,erle. Note that the estimate &, always
exists, because &y, 7 v gnd ¢ |k Are ugbiased esti-
mates of zp4n themselves. Since [,,, is invertible, by the
Theorem 4.2 of [15], we can convert Eq. (5) into an LMMSE
estimation without any information loss, i.e.,

fﬁzﬂv = E*[CCHNWHN? ‘%i-‘,—N]

(N
where E*[-] denotes the LMMSE estimator with prior and the
prior information of x4 N is (i:ZJFNIk, PngN‘k).

III. OPTIMAL LMMSE FUSION WITH Q-TRACKLETS

View the local g-tracklet &}, \ as an observation of the
estimand (i.e., what is to be estimated) x4 by the following
identity [1]:

N N
Tjpn = ThtN + (Bpyn — ThtN)



The fusion problem (7) can be solved as follows [1], [16],

Ky = (PngrN\kfl + Ol ) (Sien) ™! ©))
Stin = jPI?+N|kj/ + Ry

+ I N+ (CL )T 9)
szrN = jZJrN\k + Kg+N(Yk+N - jingle) (10)
Py = PI?—',—NV@ — KL nSitn (KL v (11)

where

Yk-i—N = [(ﬁHN)/v (iiJrN)/]/

[=[1, I,/

d *4 *J
Ck-i—N = [ Ck+N CkiN }
A= B B ]

PIgZFN Pic]JrN

The cross-covariance of the local g-tracklets estimation
errors P,/ ;- can be computed by the method of [4], i.e.,
P:ﬁ]+1 = (In, — K:nH:n)

(EpPHF! 4 GrnQmGl ) (I, — K3 HLY  (12)

where K. is the filter gain pertinent to sensor [ at time m.
Here m = k+1,....,k+ N -1, P/, = 0,, and P},
follows from Eq. (12) with ¢ and j interchanged.

The error-covariance between the global track and local g-

tracklet C;j_ n can be computed as follows (see the Appendix)

C:;erl = (FmC;fFr/n - GQOG;n)

(I, = Ky Hy ) 13)
where m = k+1,....k+ N — 1, C’,’gil =0, and C;jﬂ

follows from Eq. (13) by replacing ¢ by j.

Remark: The local g-tracklets are obtained by filtering with
no initial prior (see Eq. (3)), and thus the information filter is
more suitable here than the Kalman filter [17]. Therefore, it is
better to compute P’ , and C} , based on the quantities
of information filter rather than the Kalman filter. So, the
following recursion is preferred to Eq. (12) (see the Appendix):

PI?JZN = PIiJrND;chrNPIerN (14)

Dy ' v 1s the corresponding error-covariance of the information
state which can be recursively computed as follows

DZH = Ufn(D:%

Ly G QuCl (FR Y B)ULY (1)
Ul = (I, — AL TE) LYY, 1=

m=k+1,....k+N—-1
where (see [17])
A = (F,) I, Fyt
T}, = Gm(Qy + GrAnGn) G,y

and I, is the information matrix at time m.

The following recursion is preferred to Eq. (13) (see the
Appendix):

Cin = DilinPisn (16)
and Dj!, \ can be obtained recursively by
Dii = (Fn Dy = GnQuGu(F ) 1,)(U) A7)

*[

The above recursions are started with D,?Jrl = 0p,, D41 =
U (gl (Rl \-lpgl
0, and Iy g = (Hy ) (Rpyy) ™ Hypy

IV. PERFORMANCE ANALYSIS

Clearly, the above fusion, although optimal in the LMMSE
sense, is based on the g-tracklets rather than raw measurements
and thus, as is well known, can not outperform CF. The next
problem is under what condition the optimal LMMSE fusion
with g-tracklets will have the same performance as CF. In
this section, particularly in Theorem 1, we will deal with this
problem.

Let

Zign = [(ZliJrl:kJrN)/a (Z1z+1:k+N)/]/

H1§+N = [(ﬁliJrN)/u (ﬁiw)’]'

VkC+N = [(Vlci-i-N)/a (‘7;3+N)/]’
Assume that the CF result at time k is (&§, P¢) and this result
propagates to time k + IV to be viewed as the prediction of

Tk+n. Then the optimal LMMSE CF can be computed as
follows [1], [16],

BN = H:OIF,M:@; (18)
PkchN\k = Fk+N—1PI§+N71|kFlé+N71
+ GrpN-1Qr+N-1Gl N1 (19)
K,§+N = (PIcC+N|k(HI(c:+N)/ + C,§+N)(S,§+N)_1 (20)
Sian = Hiyn P (Hiin) + R
+ HiyonCron + (Hi nCign) 21
Ty = jZJFNUc + Ko (Zign — Hl(c:JerﬁerN\k) (22)
Pion = Piinpe — Ky nSian (Kiin)' (23)
where
Cirn=|Cil,ov C.\v |
o= [ g E ]
RNy By
Pkc|k = P¢ and
C;i+NV = El(zr+n — jZ+N|k)(Vkl+N)I]
Let
D =Hi NPy + (Cin) (24)
U = diag[(Hjyn)' (i)™ (Bl (BLoy) ™' 25)
W = diag(P}, n, Pl v) (26)

For the assumed system, we have the following theorem to
show the performance of OQTFE.



Theorem 1: Given that P,gl = P¢, then the OQTF is
identical with CF at time k + N (i.e., P{, y = P y), if

and only if
U'(U) " (Sken) D = (Sipn) ' D 27

where AT stands for the Moore-Penrose pseudo-inverse (MP
inverse in short) of A.
Proof: From Egs. (3), (11), (23), (25) and (26), we have
KllciJrNSllciJrN(K;ciJrN)l
= (Plg+N|kII + Cg+N)(Sg+N)_1(PIg+N|kII + G

=D'U'WWUS;, yUW)'WUD (28)
=D'U'(USg, yU)'UD (29)
where
Plg-i-N\k = PIcC+N|k
due to

Pl =P
It is well known that
Piin < Pilyn
Then it follows from Eqgs. (11) and (23) that
K Sy (K n) < Ky nSien (Kin )’
Thus, we have
D'U(USE, yU') "' UD < D'(Sg, )" D
Therefore, for any d € Range(D), the following inequality
holds
dU (US; NU)'Ud < d (S5, n)'d
Define a new inner product of d € Range(D) [10] and
(d,d) =d'(S§ n)7'd
It follows that
(d,d) = d'(Siyn)"'d
> d'U'(US;, yU')'Ud
= (d, 5§, N U'(USE N U')~ Ud)

Because S§, yU'(USf, yU')TU is a projection, the equality
holds if and only if

Range(D) C Range(S; yU'(USs . xU')"'U)

Given that Range(D) C Range(S;, yU'(USE, yU")~'U),
there must exist an X such that

Sg NU(USE NU)'UX =D (30)
which is equivalent to
UX=(Si,n)"'D (31)

Thus, a necessary and sufficient condition [18] for the above
equation to have a solution is

U'(U)*(Sipn) "' D = (Sin)"'D

This completes the proof. [ ]

Remark 1: Clearly, it is the common process noise that
makes the errors of local g-tracklets cross-correlated and
correlated with the error of the global track. When the process
noise is absent, the above distributed fusion reduces to the
tracklet fusion (with the updated global track) and thus is
globally optimal [12]. This can also be proved from Eq. (27)
as follows:

U'(U)*(Sian) ™D

= U' (U Hi NPl npe (Hi s n) + Rign] ™
“Hi N Piyne

=U'(U) [(Rion) = ( Z+N)71HI$+NPI§+NU§
’ (ng-i—N)/( 2+N)71]HI§+NPIS+N|IC

= U (U U'TPE, y, — U'TPS i 'UHF N Py i)

= U'IP, y — U'TPE, N TUHG NPy

= (Riyn) Hign Piynge — (Rian) Hi s n Py v
. (ng-i—N)/(R2+N)71HI$+NPI§+NW

= [(Ripn) ™t = ( 2+N)71H1$+NPI§+NU§
’ (ng-i—N)/( 2+N)71]HI§+NPIS+N|IC

= (Sgyn) D

where
(Riyn) " Hiyn =U'1

due to the uncorrelatedness of f/kl . and f/,g N
Remark 2: Another apparent condition for the above dis-
tributed fusion to achieve the globally optimal performance is
that F}  for all [ are of full row rank. Since H!_ y also
should be of full column rank, then H }c N is invertible. In
this case,
UI(U/)+ _ U/(U/)—l =7

and Eq. (27) is satisfied.

V. RELATIONSHIPS AND COMPARISONS

In OQTE, local sensors need to transmit their g-tracklets to
the fusion center every IV time instants. Thus OQTF is actually
a distributed fusion scheme with reduced-rate communication.
There are also some existing methods which can also address
this problem. We discuss their performance and relationships
with OQTF in this section.

A. Optimal Distributed Fusion with Transformed Data

An optimal distributed fusion rule with transformed data
(FWTD) was proposed in [11], where local sensors transmit
the transformed data (H})'(R})~'z! for all | to the fusion
center every sampling time and the fusion center does fusion
under the LMMSE criterion. When this scheme is used in the
reduced-rate communication case, where local sensors transmit
(H n) (R N) "' 2L, 1 n to the fusion center and the
optimal fusion is also done in the LMMSE sense, it will have
the same performance as OQTF, as shown next.



FWTD has the mean-squared error (MSE) matrix [11]
PI§+N = PI§+NV@ - (PI§+NV@(HI§+N)/ + Olg-rN)
U/(USliJrNU/)ilU(ngJrNPlerN\k +(Ciyn))
where the superscript ¢ denotes the quantities obtained by the

method of FWTD. Therefore, by Egs. (28)-(29), we can see

e Dt _ pd
that if Pk+N|k = PHN“C then

P, l§+N =D kd-i—N
Thus, FWTD and OQTF are identical (with probability 1).

B. Information Matrix Fusion

When IMF is used with reduced-rate communication, it has
[13]

(Pn) " ey = (Plin) ™"

+ Z[(Pli+N\k+N)71£§c+N\k+N - (Pli+N\k)71‘%§c+N\k]
7

Am
Tr4+N|k

(BﬁN)i1 = (Bﬁmﬁfl

+ 2:[(Pli+zvuc+N)71 — (Pesn) ']

where the superscript m denotes quantities obtained by IMF.
Obviously, when the process noise is absent (¢ = 0), we
have

! —141 ! —14l
(Pk+N\k+N) Lt N|k+N — (Pk+N\k) LitN|k
= (Hi ) (Riyn) ™ Zhripr

which means that IMF is identical with the FWTD in this
case. Thus, when there is no process noise, the IMF, FWTD
and OQTF fusion are identical, and they all have the globally
optimal performance. In the other extreme that () is very
large, the state estimate 2 is primarily based on the current
measurements z,lc, since the system model is unreliable and
historic measurements have little contribution to the (current)
estimation. Thus, for CF and IMF, we have

&5, ~ E¥er|z, 71

/ - l —141
~ (Z(PkJrN\kJrN) Y Z(PkJrN\kJrN) 1xk+N\k+N
1 1

~ A
~ TN

because (P,:’TH\,“C)_1 and (PliJrN‘k)_l approach zero matrices.
It means that when @ is very large, IMF and CF will have the
comparable performance. The same conclusion can be made
for OQTF and CF.

As discussed above, for a very small or large (), the
performance of OQTF, IMF and CF are similar. But for a
regular (not too small or large) @@, IMF and OQTF have their
pros and cons:

1) IMF is not credible: P} is not really close to the
actual MSE matrix of i:ZZr - OQTF is credible [19], since it
is an optimal method and a truly optimal estimator is always
credible [17] (termed consistency there).

2) IMF is simple and easy to implement. OQTF is relatively
complex and needs more computation.

C. MAP Fusion with Feedback

MAP fusion is identical with the LMMSE fusion under the
linear Gaussian assumption [7]. For the assumed system (1)-
(2), if we initialize the local Kalman filters with the fusion
result of the previous step and let

Olji—l = (_FkPde1/rL - GkaG;ﬂ)(Inz - Kllc-l-lH]lc-l-l)/ (32)
Py = (In, — K Hy)
(P PYF, + GrQuGy)(In, — KiHY)

then it turns out that the algorithms (8)—(11) are the MAP
fusion with feedback (MAPWF).

When N is large, the reinitializtion will have little effect on
the fusion, that is,

(33)

i.f’c-l-N = E+[$k+N|lec+1:k+N]
~ E+[Ik+N|jZa lec-l—l:k-l-N]
This means that when a large set of measurements is used,
the estimation with or without prior differs slightly. Thus,
when N is large, the MAPwWF and OQTF have comparable
performance.
VI. NUMERICAL EXAMPLES

In this section, we provide several illustrative examples to
verify our proposed fusion algorithms. All these examples are
for the following kinematic model [6] of a target tracked by
two sensors:

|

17 e
Ik+1—[0 1}%4—{ +

=1 0]ap+o, 1=1,2

(34)

(35)

where sampling time 7' = 1, wy, is zero mean white Gaussian
process noise with variance g, and the two measurement noises
are Gaussian and mutually independent with zero mean and
variance R. = 20.

The two synchronous measurements have a fixed rate
and the same measurement model, and each generates a 1-
dimensional measurement. 500 Monte Carlo runs are con-
ducted over a total time span of 120 seconds.

The true initial state is generated Gaussian distributed with
mean and covariance:

_ 100 10 0

e[ ] =V 0]
which are also used to initialize the centralized filter. Informa-
tion filters are employed in local sensors and initialized with
zero information.

For each example, the root mean square errors (RMSE) or
average RMSE over the total time span are used to illustrate
the performance of the fusion algorithms and the noncredibility
index (NCI) [19] is used to measure their credibility.

Fig. 1 shows the average position and velocity RMSE of CF,
OQTF, MAPwF and IMF vs. interval length () for ¢ = 1.
As can be seen, when N > 10, OQTF and MAPwWF have

almost the same performance in position estimation; when
10 < N < 16, OQTF outperforms MAPWF slightly in velocity
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Fig. 1. Average position and velocity RMSE vs. interval length (N). Fig. 2. NCI and II vs. covariance q.

estimation. When N < 7, IMF is more accurate than OQTF. APPENDIX
As N increases, IMF performs worst. A. Derivation of Eq. (13)

Fig. 2 shows the NCI and inclination indicator (I) values
[19] of OQTF, MAPwWF and IMF at time k£ = 120 vs. the

variance ¢ of process noise. As can be seen, OQTF and ;f+1 = E[(zm+1 —izwuk)(fcinﬂ — Tmt1)']
MAPWF are credible, since their NCI values are smaller than

= E[(Fnam + Gmwym — Fndi, 1)
1. IMF is credible when ¢ is small (e.g., ¢ < 10~2). When ¢ i i i
is large, IMF is optimistic since its NCI values are larger than ‘ ((Inz - Km+1Hm+1)Im+1\m
1 and close to the II values, which are positive. + K121 — Tmt1)']
= E[(Fmn(zm — ':Evdn|k) + Gmwm)
((Ln, — KranrlH:nJrl)(‘%inJrl\m — Tm+1))’]

= E[(Fm(xm - jgnwc) + Gmwm)

VII. CONCLUSIONS

Theoretically, the OQTF is similar to the standard dis-
tributed estimation fusion with reduced-rate communication,

i i A /
except that the local estimates are just based on the measure- (I, = Km+1Hm+1)(Fm (&, — Tm) - Gm_wm)) ]
ments in the tracklet interval. In this paper, we have presented = (FnChEy — GnQmGh,)(In, — Ky 1 Hy )
the g-tracklet fusion accounting for cross-correlation, i.e., L
the optimal LMMSE g-tracklet fusion, and also analyzed its B. Derivation of Egs. (14) and (13)
performance. A necessary and sufficient condition under which Let
the OQTF is identical with CF has been derived. We have DY — EI(P. )4 (P Ly
compared the performance of OQTF with CF and existing mtl [(( m+1). ml ( 1) Tme1)

i ical simulati ((Prn) gy — (Pr) ™ @mg)']
methods via numerical simulations. m+1 m+1 m+1 m+1



Then

Ppln = Blldhyy — oren) (@ — 2ren)]
= P]’CL.+NE[((PI£+N)71'f§C+N - (P£+N)7l$k+N)
: ((Plg+N)_lji+N - (szm)_lwkw)']f’im
= PIi-;—NDg-;-NPIg-i-N

Since

(P:;erl)_lj:inqu - (Prl;wrl)_lxm-i-l
= an+1 - Ivin—i-lxm-l-l
= Grostfm + (Hyp) (Ro) 21 — L1 @
= (In, = ALT)(FL) U
+ (Hp1) (Rp1) " Hppy = L) T
"‘(Hin-f-l)/( ;1+1)71”:71+1
= (In, = A, T) (F ') 0,
— (In, — A%Tﬁl)(Fer)'%(wm + F,;lewm)
+ (Hypy1) (Ripg1) ™ g
= (In, = AT (FLY)
(Gt — L — 1 F  Grywyy,)

(

(36)

m|m

+ (Hppy1) (Rii1) ™
where §;, ., is the one-step prediction of §j;,, we have
Dy = (In, = AL T ) (FLY

(D 4 1, Fr G Qui Gy (1) 1)
CF (In, — AT

m

C. Derivation of Egs. (16) and (17)
Let

DZlJrN = E(zp+n — jZ+N|k)
((Phin) " ahan — (Phon) 'zign)]
Then
Cilin = El(xran — 3 np) @en — 2n)']
= El(zpn — szrN\k)

: ((P]i+N)71‘f§c+N - (Pli+N)71$k+N)/]Pli+N

= DZ{FNPILLN
Since
~d _ ~d
Tmt1 — Loyqqk = Foxm + Grwm — mem‘k
= B (@m — ;%ZWC) + G W,
and following Eq. (36), we have

Cilyy = [FnCyl = GrQuGhy (F )1,
'Fil(Inz - Aiann)/

m
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